Unit 2: Derivative Rules Review

The Basics: Power, Sum, Product, Quotient, Chain

We need to know how to derive these rules and how to use them in context. All of these rules will satisfy the definition
of the derivative, but this is not always the best way to illustrate why they are true. The first two limits work nicely and
the other 3 we need a visual representation to help. The limit definition will use the expression below:
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To visualize product and quotient rule using an area model is quite powerful and chain rule works by considering how
rates multiply together and units cancel and then takings a limit as the rate goes to 0/0. | leave the method of showing
why these rules are true to you below, but the five rules are:
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Remember that derivative is slope (rate of change) so these derivates will be used to measure rates of change.

Example: Find % of the following:

xXw
Vz2 + 2z

Solution: You should be able to describe the plan of attack as chain rule; then quotient rule which will use product rule
and chain rule inside it; power rule and sum rule are clearly there but they will always be when we have a polynomial.
Also, there will be dx/dz and dw/dz because of chain rule.
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| would not bother to simplify this.

Things we need to know and understand:
e How to justify the five basic derivative rules
e How to take the derivative of any polynomial function and use the trig rules (especially with chain rule!)
e How to recognize limits as derivatives
Review Questions:
1. Prove Power Rule

2. Prove Sum Rule
3. lllustrate Product Rule
4. lllustrate Quotient Rule
5. Justify Chain Rule
. _ 4 2x(x+1)
6. Finddy/dxof y= / P




Unit 2: Derivative Rules

Review

Solutions:
1. Use limits
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2. Use limits
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3. Use an area model
f f A=(-9)=fg+gf+gf
But g'f’ « g'f and is essentially a point
g A=f-g once the changein f and g goto 0 so it is
treated as 0.
g f-9'=fg+9'f
4. Use the same area model but different labels
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Special Functions: Trig and Exponential

We used the sum of angle identities to find the derivative of sine and cosine and were able to determine the derivative
for each trig function below using quotient rule.

d d ]
—sinx = cosx —cosx = —sinx
dx dx
d ) d
—tanx = sec® x —secx =secx -tanx
dx dx
d d 5
—CSCXx = —CSCXx - cotx —cotx = —cscx
dx dx

The exponential function was built to have the property that it is its own derivative. You don’t need to know the series
of e, but you should feel comfortable that e was built to solve a certain problem.
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Things we need to know and understand:
e How to use sum of angles to show the derivative of sine and cosine are each other.
e Why the derivative of sine and cosine require radians.
e How to take the derivative of all 6 trig ratios.
e That e was constructed to satisfy the equation y’ =y
e How to take derivative of b*
e The couple limits involving e
Review Questions:

d .
7. Prove—sinx = cosx
dx

8. Show that%secx = secx tanx

9. Why do trig derivatives need to be measured in radians?
10. Is the derivative of
_(x%sin(1/x), x#0
fx) = { 0, x=0
Continuous at x = 0? How about g(x) = xf(x)?
11. What is special about e* in terms of where it came from or how it was derived?
12. Find dy/dx given that

y = tan e’
13. Prove%bx =b*-Inb
14. What is the value of the following limit?
n
lim (1 + —) =1L
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15. What is the value of the following limit?
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Solutions:
7. Use limits
_ sin(x+h) —sinx  sinxcosh+sinhcosx —sinx
im =lim
h—0 h h—=0
~ sinx(cosh —1) —sinhcosx
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8. Use quotient rule
d d 1 (0 + sinx)
—secx = — = =tanx - secx
dx dx cos x cos?x
9. Because they use the limit
I sinh
im =
h—0 h
Which is only true in radians thanks to Sandwich Theorem.

10.
rrn _ (2xsin(1/x) + cos(1/x), x#+0
We get that f'(0) = 0 by using the limit definition
vos v JO+R)—=f(0) h?sin(1/h) — 0
£ =i = lim ——
= }lirr(l)hsin(l/h) =0
The function is not continuous since there is an oscillating discontinuity at x = 0 for cos(1/x), hence lirr(l)f(x)
xX—

does not exist. However, g is continuous because
, 3x?sin(1/x) + x cos(1/x), x#0
g/ = {37 /D) +xeos(1/2)

0, x=0
Which does have the limit value go to 0 as x goesto 0
11. y = e* was intentionally constructed to solve that equation. Nothing too fancy about it.
12.
g = secz(euz) oW 2y - Z—Z
13. Use derivative rules. If we have that
y =b*
Then for some value of k, we have that b = e¥. So, we want the derivative ofy = (ek)x

Yy
dx dx dx
=ekx.
Using the fact that%eu =et. Z—Z. Then we can see that k = Inb and e** = b*
dy
—=b*-Inb
dx
14. The limit comes from compound interest and does not require more explanation.
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15. The limit comes from the definition of the derivative of e* and does not require more explanation.
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Derivative Tricks: Implicit and Logarithmic

Review

We can use chain rule to take the derivative of inverse functions by doing algebra to both sides. For inverse trig and

logarithmic functions, the big idea is that
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1=4g'0) -d—z
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d 1
Earcsinx = ﬁ
d " 1
dxarc anx = 1+ %2
d 1
—arcsecx = ———
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To prove what g’(f(x)) is for the inverse trig functions use the geometry on
trig ratios represent.

over hypotenuse and y is the

v1—x?

d -1
aarccosx :ﬁ
d x = -1
dx arccotx = 1+ 2

d -1
—arcCsCcx = ————
dx lx|Vx2 —1
1 _ 1
dx O8bX = x-Inb

a triangle and your knowledge of what the

So, with this diagram we can simplify cos(arcsin x).

We know that y = arcsin x and that x is the ratio opposite

angle. Once that is identified,

we can see that cosy = V1 — x2

We also discussed the strategy of taking the natural log of both sides and then differentiating as a short cut when finding
complex exponential derivatives and saving time with quotient rule and product rule thanks to log laws.

Things we need to know and understand:

e How to take the derivative of an inverse function using chain rule
How to take the derivative logarithmically
Review Questions:

16. Show that%arccotx =—1/(1+x?)
17. Find 2 of y = Vx

18.
19.

. dly 2 3 _
Find a7 ofx*—y> =y
Derive power rule, product rule, and quotient rule using logarithms.

. dy _ ( (x+1)(z-1) 5
Find o fory = (—)

20. (w=2)(x+3)
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Solutions:
16. If y = arccotx then x = coty so
d d .
dx” " dx 505
y
1=—cscly -—
cscey Ix
d . 1 1 1
— =—-sinfy=———=— = —
d y (m)z [1+ x2| 1+ x2
V1+x2
1
y
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17. If y = Yx thenlny = Inxx = ~-Inx
1 dy 1 1
;'E_ —lenx+—2
dy _y Vx
d_zﬁ(l_l X) =x—2(1—lnx)
18. Find first derivative.
dy _dy
2x —3y? . —=—
X=y dx dx
dy — 2x
dx 1+ 3y?2
Then the second.
dy
2y et
d?y _ 2(1+3y°) —12yx ax
dx? (1+3y?)?
You could simplify this by substituting for dy/dx
19. If y =x"thenlny =n-Inx
1d d n
Tdy_n_dy_n_n"_ o
y dx x dx x x

fy=f-gthenlny=Inf+1Ing

1
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g dx g% dx
20. Using logs we get
Iny =5(n(x+1) +In(z—1) —In(w — 2) — In(x + 3))
1 dy 5( 1 1 dz 1 dw 1 )
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