
Unit 4: The Definite Integral                                                                                                                     Properties and MVT Jan 15 
 

Integral Properties and Mean Value Theorem 
Goal:  

• Can use limit properties with Riemann sums and can justify integral properties using area. 

• Can find the average value of a function  

Terminology: 

• Mean Value Theorem for Integrals 

 
Integral Properties 
 

Property Proof or Justification 

 
 
 
 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

= − ∫ 𝑓(𝑥)𝑑𝑥
𝑎

𝑏

 

 
 
 
 
 
 

 

 
 
 
 

∫ 𝑓(𝑥)𝑑𝑥
𝑎

𝑎

= 0 

 
 
 
 
 
 

 

 
 
 
 
 
 

∫ 𝑘𝑓(𝑥)𝑑𝑥
𝑏

𝑎

= 𝑘 ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
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∫ (𝑓(𝑥) ± 𝑔(𝑥))𝑑𝑥
𝑏

𝑎

 

 

= ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

± ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

 
 
 
 
 
 
 

 

 
 
 
 

∫ 𝑓(𝑥)𝑑𝑥
𝑐

𝑎

 

 

= ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

+ ∫ 𝑓(𝑥)𝑑𝑥
𝑐

𝑏

 

 
 
 
 
 
 
 

 

 
 
 
 
 
 
If 𝑓(𝑥) ≤ 𝑔(𝑥) on [𝑎, 𝑏] then  
 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

≤ ∫ 𝑔(𝑥)𝑑𝑥
𝑏

𝑎

 

 
 
 
 
 
 
 

 



Unit 4: The Definite Integral                                                                                                                     Properties and MVT Jan 15 
 

 
 
 
 

min 𝑓 ⋅ (𝑏 − 𝑎) ≤ ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

 

 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

≤ max 𝑓 ⋅ (𝑏 − 𝑎) 

 
 
 
 
 
 

 

 
 
 
 
 

𝑎𝑣𝑔(𝑓) =
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎

 

 
 
 
 
 
 
 
 
 
 

 

 
The Mean Value Theorem for integrals states the following: 
If 𝑓 is continuous on [𝑎, 𝑏], then there exists some point 𝑐 ∈ [𝑎, 𝑏] such that  

𝑓(𝑐) = 𝑎𝑣𝑔(𝑓) =
1

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎

 

 
Proof: 
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Practice Problems: 5.3 # 1-6, 25-28 (use fnInt), 29-31, 33, 34, 36 

                                 # 39 

Look Ahead: How is the area related to a rate of change? 
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In Class Evidence 

1. Given that ∫ 𝑓(𝑥)𝑑𝑥 = −4
2

1
, ∫ 𝑓(𝑥)𝑑𝑥 = 6

5

1
 and ∫ 𝑔(𝑥)𝑑𝑥 = 8

5

1
 find the following integrals 

d. ∫ 𝑓(𝑥)𝑑𝑥
5

2
    f. ∫ (4𝑓(𝑥) − 𝑔(𝑥))𝑑𝑥

5

1
                              h. ∫ 𝑓(𝑡)𝑑𝑡

1

5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
27. Use fnInt to find the average value of the function 𝑦 = −3𝑥2 − 1 on the interval [0, 1]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Use geometry to find the average value of the following functions 
29. On the interval [−4, 2] 

𝑓(𝑥) = {
  𝑥 + 4, −4 ≤ 𝑥 ≤ −1

2 − 𝑥, −1 < 𝑥 ≤ 2
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30. 𝑓(𝑡) = 1 − √1 − 𝑡2 on [−1, 1] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
31. 𝑓(𝜃) = sin 𝜃 on [0, 2𝜋] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

36. Show that ∫ √𝑥 + 8𝑑𝑥 ∈ [2√2, 3]
1

0
 

 
 
 
 
 
 
 
 
 
 
 
 
  


